The Blind Humanoid - Kinematic and Inertial Data Fusion

Abstract—Not done yet.

I. GoAL

The goal of this document is to provide a first draft for kine-
matic/inertial state estimation for humanoid robots. It builds up on the
IROS2013 paper “Robust State Estimation for Legged Robots”[1]. If
unfamiliar with notation or the handling of 3D rotations, please look
up the corresponding sections.

II. FILTER DERIVATION

A. State and Continuous Prediction Equations

The same robot-centric states as in [1] are being used:

x = (r,v,q,c,d) (])

= (B"BWv*B”B~qWB’Bbvabw)' (@)

The advantage of the robot-centric choice of states is that we thereby
partition the state into non-observable states (absolute position and
yaw) and observable states and thus avoid numerical problems related
to non-observable states. The Drawback is that the noise of the
gyroscope propagates onto the position state as well. This will most
probably leed to a slightly less accurate position estimate. The rest
of the states should not be significantly affected.

In addition, the state vector is augmented by the full pose of the
feet that are currently in contact with the ground:

Pi = BPBF;> (3)

% = amp- (C))

r; 1s the foot fixed coordinate frame and it is assumed that it is
stationary when it is on the ground.

The prediction equations can be derived along similar lines as in
[L]. For this we first write down the continuous prediction equations
of the system which can be derived by evaluating the different
kinematic relations:

== (@ —d—wy) T+, Q)]
b= (@ -d-wo)v-Ftectws - cT(@g, (6)
4= C@(@—d—wy), @)
e= we, (8
a= wy. ©
Bi=— (@ —d—wy) p; +v+wp, (10)

1)

z; = C(zy)(@ —d —wy) +wz.

The prediction of the contact foot states are similar to the one of the
base position and attitude states. We model it to be affected by some
additional Gaussian white noise, w, and w., in order to allow for a
small amount of slippage.

B. Discretization of Prediction Equations

In contrast to [1]], a simple Euler forward integration is used
for discretizating the prediction equations. Still, note that for the

rotational states, the step forward can be taken on the sigma algebra
and then be mapped back onto SO(3):

a(ty) =q(ty,_q) B (Atkil(tkfl)) (12)
with
At = tp —tp_1- (13)
This leads to:
Tk :(I*Atk (&k —dr1 7ww‘k)><)7'k,—1+Atk:”k—1 (14)
v = (1 — Aty (&g —dg_q —wy ) X) Ve—1
+aty(Fr—en—1 —wpp + T (ap_1)9) (15)
A = -1 ® exp (Atk(‘:’k —dp—1 — ww,k))’ (16)
ck = Cp—1 + Atgwe g, (17
dp = di_1 T Atpwg g, (18)
Pik = (1 - Aty (‘:’k —dg_1 — ww,k)x> Pik—1 T Aty ("’k—l + wp,k) . (19)
2 =exp (Atgw, 1) ® 25 g1 ® exp (At (& —dp_1 —we k) - (20)

C. Measurements and Update Equations

The choice of robot-centric filter states leads to almost trivial
measurement equations for the forward kinematics (depending on
the kinematics measurements & ):
(21
(22)

pi(&g) =Pi g + "p k>

zi(6g) =z B g,
D. Foot Accelerometers

Optionally the measurement from the foot acceleremoter can also
be included into the state estimation. For feet that are currently in
contact and thus assumed to be stationary the following measurement
equation can directly be stated:

(23)

Fik = *C(zi,k)cT(qk)Q teitmngik:

¢; 1s the bias term that affects the accelerometer of foot : and needs to
be integrated into the filter state as well. The corresponding prediction
equation is analogous to the one of the accelerometer bias term of
the main body.

E. Observability Analysis

For the case without foot accelerometers the observability is as
follows: For general motions only absolute position and yaw angle are
not observable. If (@ — a) = o the rank deficiency of the observability
matrix increase by 2. For the special case (@ — a) L ¢ (a)g the rank
deficiency increase by 1. The (simplified) observability matrix leading
to those statements looks as follows:

01 0 0000
00 —cT(q)g* I 000
O(e,u) = 00 (@—a)*cT(g)g® 0 0 0 0
00 0 0100
00 0 00 TI O
00 0 000



FE. Choice of Filter and Jacobians

Various kinds of filters can be used together with the above
equations in order to perform state estimation. The easiest way is
probably to use an UKF because it does not require the computation
of any Jacobians and can easily handle correlated noise terms (as is
the case if one uses a “velocity filter”). If one still wants to implement
an EKF the Jacobians will have to be computed. For the prediction
step this gives:

0 —atgrr_ 0 0 0 0
—At,I —Atgl 0 0 0 0
0 —C(ap_1)T1(Atp(®p —dp_1) O 0 0 0
Gp_1 = 0 0 AtpI 0 o 0
0 0 0 AtpI 0 0
0 —Atepy_, 0 0 AtpI 0
0 —C(zp_1)T1 (At (@) —dp_q) O 0 0 AtgI]

For the regular measurement update this gives:

00O0O0O0OTIoOo
Hj; =
00O0O0O0GO0TI

And if you add the foot accelerometer measurements one gets
(this needs to be completed with the identity matrix for the entry
corresponding to the bias of the foot accelerometer :):

Hip =10 0 —C(2;,,)¢T (ar)g* 0 0 0 (C(zi,ch(qk)g)X}
G. Velocity Filter

Instead of augmenting the state by the pose of the feet, one can
also directly include the “no motion” assumption of the feet into the
filter. An advantage of this approach is that one can easily implement
slip detection and rejection. Furthermore on a velocity level the
results will be as least as good as if using the pose measurements.
A drawback is that you get correlation betwenn prediction step and
update step and thus need to implement a special filter (this is very
easy if using an UKF).

The foot accelerometers measurements can still be easily included
during stance phase (the measurement will get crosscorrelated to the
forward kinematics).



H. Observability Analysis Extended

This section compares the observability characteristics of the pointfoot constraint versus the one of the flat foot constraint. This part looks
at the non-robot-centric states. We have the following dynamics (without noise and we use r ==, v = v, g =a, C =C(q), c=c, d=d, p = p,
f=—(F-e)w=—(@—d):

- (24)
o=-cTsty, (25)
i =w, (26)
¢ —o, @7
d =o, (28)
» =0, 29)
‘o 30)

1) Pointfoot Constraint: Using the special derivatives we can evaluate the Lie derivatives and the corresponding gradients:

£n() = cp - 3D
va‘}nu): Pc 0 —(C(p—7))* 00 C 0 (32)
Lih(z) = —Co+wXC(p— 1) (33)
Vﬁ}hw): {—wxc —C (Cv)X —wX(C(p—r)NX 0 —(C(p—rNX wXC o (34)
£2h(2) = —20XCo+ f — Cg+ X" Cp — ) (35)
2 (s
VLGh(a) = {714/)(2(7 —20XC wX (2C)X —wX(Cr - X))+ (CX 1 765122(” w<’c o} (36)
C?-h(ac):—3'w><2(71/+2w><f—3wXCg+wXSC(p—7‘) (37)
3 oL3 h(z
vc;’:mz) = [—wXBC _awX?o WX (3wx(cmX —wx2(C(p—T))>< +3(Cg)><) 2w X ‘fa# w3 o] (38)
C;lch(z):74u7XSCv+3szf—6w><209+w><4c(p77‘) (39)
ac4n(x
VLfh(2) = |:7wX4C 1wl wx? (4wX(C1/)X —wX?((p - X +6(Cg)><) 3w x> 7£f83( ) wxte o} (40)
C?h(z):75w><40v+4'w><3f710w><3Cg+w><5C(p77*) (41)
aLsh
VC?MJ@) = [ﬂﬂxg’c —swxto wx3 (SwX(CW)X 7'w><2(0(p77'))>< +10(Cg)><) FIIES %(m) wXPo 0} 42)
Llfch(m):—kkailcv-#(k—l)kaizf—wakizcgﬁ—kac(p—v") (43)
2
_ - _ _2 ockhn(x
vefn(a) = [—kac B =T T A (T S L JroTe e b TGl DIV PO T R S L sz( ) wxFo o (44
For continuing we will make use of the follwoing identities:
X _ X _ X
<wk) - WX (ka lu) 7<ka lu) w (45)
(w) X = uX (46)
(wXu)* = wX X — wXwX (47
(wx2u x = w><2u>< 72w><u><w>< +u><w><2 (48)
(wXSu)X = wx3u>< 73w><2u><w>< +3w><u><w><2 —uXwXS (49)
(wx4u)>< — X C 40X XX 4o Xl w X w X C g X wXwx® p X o x? (50)
x k ; —i i
<wk) R TN ol PP L P 51
i=0 i
k k—1
owX " u WX ow X u o <w><k71u>>< (52)
ow ow
owx "y k=l k—iml i\ X (53)
dwXu
= _uX 54
ow 64
wx
= —wXuX — (wXu)X (55)
Ow
w3y 2 2
= —w X uX X (X)X = (wX W)X (56)
Ow
B“’X4" x3 x X2, x X X X2 x x3 %
— —w XX X X)X —wX (XWX - (wX ) 57



. _ X
wk+1 (wxl 1u> (58)
x xt X xm
VE>1,1>1,m>1: w wX¥u) w =0 59)
In matrix forms the observability matrix looks as follows:
—c 0 —(Cp — X 0 0 c 0]
—wXC —C (Cu)X —wX(C(p —r)X 0 —(C(p—rN* wXC 0
—wX?c _awXco 2w X (Cv) X —u7X2(C(p—7‘))X +(Cg)* 1 2(Cv) X —wX(C(p —r)X — (wXC(p—r)X¥ wx?c o
o) = —wx®c ZswX®c 3w><2(C1))>< - wxa(C(p — X 4+ 3wX(Cg)* 2w X Az wx3c o (60)
7wX4C 74wX3C 4wX3(CU)X 7w><4(C(p77‘))>< +6w><2(Cg)X sz2 Ay X4c 0
—wX®c _swxtc 5wX4(Cv)X 7w><5(c(p77‘))>< +10w><3(Cg)>< awx? Ag wx®c o
with
Llfch(z) = kaC(p —r) — kka71Cv + (k — 1)ka72f — m'ka726‘g (61)
2
oLkn(x) (62)
Api=—39 —° (Vk>3
k ad vk =23
k=1 k—i-1 i X k=2  k_i—2 i X k=3  k—i-3 i NX  k(k—1) k=3 | k—i-3 i X
=- 3 wX wX Cp—r)) +k 3 wX wX Cv) —(k-1) > w* w ) — 3 w* wX Cg
i=0 ( ) i=0 ( ) i=0 ( ) 2 i=0 ( )
After the first reduction we obtain (row k minus omega times row k-1, start with row 2):
—c 0 —(C(p — X 0 0 c 0]
0 —c (Cv) X 0 —(C(p—rN* 0
0o —wXcC wX (Cv)X 4+ (Cg)* I 2(Cv) X — (wXC(p —r)> 0o
O(z) = 0 7'w><2C’ u)><2(C*v)><+2w><(Cg)>< wX Az —wX (Z(C’u)>< —wX(C(p —r))* 7(wXO(p77‘))X) 0 0 (63)
0 7'w><3C’ 11)><3(Cu)><+3w><2(Cg)>< wxz By 0 0
0 7wX4C 'LUX4(CU)><+4wX3(Cg)X w><3 Bp 0 0
with
B i=Ap —wXAp_y  (vk>4) (64)

k—1 i . k—2 i . k—3 i .
:—Z“’Xk ‘ 1(w><7'0(p—r)>x+kzw><k ‘ 2(w><7'cv>x—(k—1)zw><k ‘ 3(w><1'f)><+
=0 =0 =0 i=0
k—2 L X k=3 . ; k—4 i . _ _
£y wWxET (wXZC(p—T))X R T (wX’LCu)X o2y 3 WX (u,X"f)X _k-Dk—2)
i=0 i=0 i=0 2
— X o — X —9 X _ A X
:—('ka 10(17—7‘)) +k(w><k 2cU> —(k—1) (ka 3f> +M(ka dcg)
2
k—3 o " k—4 o " k—4 L .
+ wak ‘ 2(waCU)X7 wak ‘ S(MXLf)X‘F(kfl)Zka ‘ 3(w><lcg)><
i=0 i=0 i=0
After the second reduction we obtain (row k minus omega times row k-1, start with row 3):
[cc o —(@m-mX o 0 c
0o -cC (Cw) X 0 —(Cp—rn* 0
0o o (cg)X I 2(Cv) X + (C(p — m) X wX 0
o@ =] © wX(Cg)X 0 Ag — wX (4(0@X — wX(C(p — )X —2(wxc<p_T))X) 0
0 0 wXl(CeX 0 By —wX <A3—1UX <2(C1))X —wX(C(p — r)* —(wXC(p—r))X)) 0
0 0 wX3(cg)X 0 Cs 0

k—4

E w

1=0

k—3 . .
k(k —1 k—1—3 i X
ke —1) ST wX (wx Cg)

k—i—3 k3 X
X (wX Cg)

(65)



with

Cp i= B —w<Bp_1 (Vk >5)

— X — X — X — _ X
=7<ka lc(pr)) +k(ka 2Cv> —(k—1) (ka 3f> +M<ka 3Cg>
2

k=3  k_i_2 i x k=4 i3 i\ X k=4 k_i_3 i X
£ W (wXICv) - W (wxlf) F-1 S W< (wxlcy)
i=0 i=0 i=0
—_ X - X _ X Kk — k — - X
+wX (ka 2C’(pfr)) — (k- DwX (ka 3Cu> + (k—2)w”X (ka 4f) 7wwx (ka 4Cg>
2
k—4 . . k—5 . . k—5 ) )
k—i—2 X k—i—3 X k—i—3 X
-3 wX ‘ (wXZC’U) + > wX ’ (wxlf) —(k-2) 3 w* ‘ (wx1Cg)
i=0 i=0 i=0
1 x k—2 x k—3 \X  k(k—1 -3 X
:7<mx C(pfr)> +k(w>< C’U) —(k—1) (wx ) ¢ ) < x Cg)
k— X k— X k— X k — k— k— X
+wX (wx 20(}7*1")) 7(k72)w>< <w>< SC’U) +(k,73)w>< (wX 4f> 7wa (wx 4Cg>
2
k—5 . )
k—i—3 i x
+ 3 wX (wx Cg)
=0

After the third reduction we obtain (row k minus omega times row k-1, start with row 5):

—C 0 —(C(p—r)* 0 0 c o
0o -C (Cv)X* o —(C(p—r)*X 0 o0
o o (cg)* I 2(Co)X + (C(p — r) X wX oo
0 0 wX@yX o Ag — wX (4(C)X = wX(C(p = r)X = 2(wXC(p — ) X) 00
O@ =149 o 0 0 By —wX (243 — wX (6(C0)X — 20X (C(p — 1) ¥ — B(wX C(p — 1) X)) 0o
0o o 0 0 C5— wX (B4 — wX (A3 — wX (Q(CU)X —wX(C(p — r)X — (urxc(p—'r))x)>) 0 0
0o o 0 0 Dg 0 o

with

Dy :=Cp —wXCp_1 (Vk >6)

— X o — X — X — _ X
=7(ka lc(p7r>> +k(ka 20u> —(k—1) (ka Sf) +M<ka 3Cg>
2

— X — X — X ¢ — — — X
+wX <w><k 20(p7T)> — (k= 2)wX (ka 3Cv) + (k — 3)w™ (ka 4f> 7wwx <w><k 4Cg>

2
k=5  ._._ . %
+ Z wX ‘ 3(wX’LCg)
1=0
k— X k— X k— X k—1)(k —2 k—4 X
+wx(wx 2C(p—7‘)) — (k= DwX (wX 3cU) + (k — 2)w™ (wx 4f) —$wx (wX Cg)
2

— x — X — X — -5 — x

~wx? <ka 3C(p7r)> + k- 3wXC (ka 4C1;> k- <ka 5f> y EZDEZY, 2 <ka 5CQ>
2

k—6

>

k—i—3 [ X
w X (wx Cg)
i=0

— X — X — X — — X
:—(ka 1C(p77‘)> +k(ka 201;) — (k—1) (ka 3f) +m<ka 3Cg)
2

k—2 X k—3 X k—4 \X k—1)(2k — 6 k—4 X
+ 2w X (wx C(p — 7‘)) — (2k — 3)w X (M C’U) + (2k — 5)w X («M f) - $wx (wx Cg)
k—4 )
Cv

X 3 (k74)wx2 (kaﬂ%f)x N (k — 3)(k 74)w><2 (kafscg>><
2

— X
7w><2 <w><k 30(p—r)> +(k73)w><2 (wx

— X — X — X — — X
:—(ka 1C(p77‘)> +k(ka 20v> — (k—1) (ka 3f) +M<ka 3Cg>
2

k—2 X k—3 X k—4 \X k+2)(k—3 k—4 X
+wX (wX C(p — r)) — kw*X (wx Cv) + (b — DwX <w>< f) - %()wx (wX c,;)

k—2 x k—3 x k—a \X k—4 X k(k—1 k—4 x
:(wx C(pfr)) w X 7k<w>< Cv) wx+(k71) <wx f) wX 4 3wX (wx Cg) 7¥(wx Cg) w>

(66)

(67)

(68)



After the this we can make a further reduction:

[—c o —@rE-mX o 0 c o
0o -c (Cv) % 0 —(Cp—rN* 0 0
0 0 (cg)* I 2(Cv)X + (C(p — r) X wX 0o
0o o wX(Cg)X o Ag — wX (z;(cw)X —wX(C(p — )X 72(w><C(p77'))><) )
0o o 0 0 By — wX (2A3 — wX (s(cmX — 20X (C(p — X —3(wXC(p — r))X)) 00
o) = o o0 0 0 C5 —wX (34,w>< (AS*WX (Q(CU)X —wX(C(p — )X 7(w><c(p77‘))><))) 0 o (69)
0o o 0 0 Dg 0 0
0o o 0 0 Dy 0 0
0 0 0 0 Eg 0 0
0 0 0 0 Eg 0 0
0o o 0 0 Fio 00
Lo o 0 0 F11q 0 o]
with
By i= Dy + |wl®?Dy_o  (VE > 8) (70)
— X — X — X _ _ X
:7(ka 1C’(p77“)) +k(ka Qcy) — (k—1) <w><k 3f) +¥(ka 3Cg>
_ X _ X A X — _ X
+wX (ka 20(11—7‘)) — kw ™ (ka 3cU) + (k- Dw™ (ka 4f) —wwx (ka 409)
2
N X _ X _ X — — 3 _ X
+(ka 1C(p—r)> —(k—2) (ka 201}) + (k — 3) ('ka 3f> 7w<ka 3C’g)
2
— wX (ka_zC(pf'r‘))X + (k- 2)wX <ka_3cv>x — (k- 3)wX (ka_4f)x + k(b =5) x (ka_4Cg>X
2
— X —q X 1 X
:2(1‘;Xk ZC'U) —2(w><k df) + (2k — 3) (ka JCg)
— X — X _ X
—2wX <w><k 3C1;> + 2w (ka 4f> - (2k73)w>< (ka 4Cg>
— X — X _ X
—— (ka 3Cv> w X +2(ka 4f> wX — (2k — 3) (ka 4Cg> wX
Fy o= B, + |wl?Ey_y  (Yk > 10) (71)
— X —q X 1 X
zz(ka 201;) —2(w><k df) + (2k — 3) (ka JCg)
— X — X _ X
—2wX (ka 3C1;> + 2w (ka 4f> — (2k73)w>< (ka 4Cg>
— X — X _ X
72<ka 2Cv) +2(w><k Sf) — (2k —7) (ka 3cg>
— X — X — X
+ 2w (ka 3C'u) — 2w X (ka 4f) + (2k — Yw ™ (ka 4Cg)
. X _ X
:4<ka 3Cg> — 4w ™ (ka 409)
= 4 (ka74cg>x wX
This makes our matrix finite and enables the evaluation of its rank. Evaluating the different quantities yields:
Ag—wX (4(01;)X —wX(Cp — )X —2wXC(p— r))X) (72)
= —wX? (Clp —r)* —wX (wXC(p—T))X - (waC(p— r))x + 3w X (Cv) X -;-3(chU)X —2fX +3(Ccg)*
— 4wX (Cv) ¥ +’w><2(C’(p7'r'))X + 20X (wXC(p — X
—wX (wXom-n)" - (wxzcuﬁﬂ)x —wX (@)X 43 (wX o) — 27X 4300
- (wxc(pfr))x wX 4 2wX (Cu)X —3(Co)X wX — 25X 4 3(Cg)*
By—w* (2A3 —wX (G(Cv)x — 20X (C(p — X = 3(wXC(p — r))x>) (73)

- (wXSC(p7T)>X +4(wx2Cu)X 73(w><f)x +6(wXCg)X
X (0 X 4 wX (wX )™ —wX X 4 3wX (Cg)*
420X (O — )X 4 20X (wXcm-m)* +2wX (wxzcu’fn)x —6w*? (C0)* — 6w (wX o)™ +awX X —6wX (Cg)*
+ewX (@0 —2wX (Cp — M) X — 3w X (WX O(p - )%

wX (wxzc(pf'r'))x - (’waC(pf'r'))X X (C0)X — swX (wXC/u)X +4(wxzcv)x 43w X fX —S(wxf)x —3wX (Cg)X +6(wXCg)X

2 X
= (wx C(p— 1-)) wX 4+ wX (Cv) X wX 74(w><C"u)>< wX 4 3f%wX 4 3wX (Cg)X —6(Cg)X wX



Cs—w* (By — w* (A5 — wX (2(C0)* —wX (€ — )X = (WX - X)) (74)
(st =n) s (u ) a (o) w0 (o)’
X (wxsc(p77,))x awX (WXZCv)X 20X (X 1) % — 20X (X 0g) "
+w*? (09X
X (wxac<p _ T))X X (w><20v)x 30X (X £)% — 0w (wX cg) "
X (Cv)* _wx? (wch)x +w><2f>< awX? (cg)*
w0t e - X - w0 (00w - n)X - WX (wxzcw—r))x +303° (00 +3wX? (wX0v) X - 207 X 4 3027 (Co)*
2w (@)X w e -+ WX o — X
WX (wxsc(pq))x _ (wxd‘c(pir))x X (wx20v)x M(waCv)X S s (WX ) 74(w><2f)

X

2 2 X
+wX” (Cg)X — 8wX (w><cg)>< +10 (wx Cg)

3 x 2 x 2 x
:(wX C(p*'r‘)) wxf5(wx C’v) wX 7w><f><w><+4(w><f)xw><+w><(c'g)xwx77<wXCg)XwX+3(wX Cg)

4 X 3 X 2 X 2 X 2 X
D6:(w>< C(pfr)) wxfﬁ(wx Cv) wX+5(wX f) wX + 3wX <w>< Cg) 715(111)( Cg) w X

5 x 4 X 3 X 3 X 3 X
D7:(w>< C(pfr)) wX77(wX Cv) wX+6(wX f) wX 4+ 3wX <w>< Cg) 721(111)( Cg) w X

BEg = —2 (wx50v)x wX 42 (wx4f)>< wX — 13 (wx4Cg)X wX
By = —2 (wxGCv)X wX 42 (wx5f)>< wX — 15 (wXSCg)X wX
Fig = —4 (wX6Cg)X w X
Fi1 = —4 (wx7Cg)X wX

In order to avoid the case where » = 0 we evaluate it now and assume afterwards that « - o. This gives CASE 0:

—-C 0 —(Cm-rNX o0 0 c o
_ X _ —_ X
o) 0 c (Cw) 0 (C(p— 1)) 00 (75)
0 0 (cg)* T 2(Cv) X 0 0
0 0 0 0 —2fX +3(Cg)* 0 0
r (o) =9+ ([(~2f +3c9)X]) (76)

e 3cg—2f=0 — r(0() =09 This correspond to « = —1/24 (acceleration)
e 3Cg—2f#0 — r(O(x) =11

So from now on we assume w » o. For continuing we will have to look at the lower part of the observability matrix. Here the rank depends
on the actual motion of the robot. Looking at the column corresponding to the accelerometer bias we extract the following terms and, in a
first attempt, try to simplify them (by using row operations). Starting at the forth row this gives:

Zq, = (wXC(pf r))X wX 4 2wX (Cv)X —3(Cv)X wX —2f% +3(Cg)*



Scale 8-9, remove 8-9 from 3-7, scale 6-7, remove 6-7 from 3-5:

wX 4 2w X (C’v)>< 73(Cu)>< w X —2f>< +3(Cg)><
X
wX 4 wX (Cv)>< wX 74<wXC’v)X wX 43X wX 4 3wx (C‘g)>< —G(Cg)x w

) X
) WX X XX (wxf)wa L wX (Cg)X wX Jr3(wx?Cg)><
w><4c(pir>)>< wX — (wxzf)x wX + 3wX (wxzcg)x
)>< wX (wXSf)X w* +3w>< (wXSCQ)X
x

3 X 2\ %
Zg ~ (w* CU) w 7(w>< f) wX

Zq ~ (wXC(pfr))X X fowX (Cv)X —3(Cv)X wX —2f%X +3(Cg)*

wX 4w (Cv) wX 4(wXC'1/) wX +3f%wX 4+ 3wX (Cg)* —6(Ce) w™
2 X
wX —wX XWX (wX x wX (Cg)* wX +3(w>< Cg)

)

) ) w
wx40(pfr>)xwxf(wx2f) X+3(wX cg)x

) X

N N N
0 ~ o
2 2 2

N
©
2
—
g
X
Q
@
~
X
g
X

Remove 5 from 3:

Zy ~ (wXC(pfr))>< wX 4 2w X (Cv)>< 73(Cv)>< w X —2f>< +3(Cg)><

X X

2 X
Zoy ~ (wX C(pr)) wX twX (Co)X wX 4 (wXow) % +3fxwx+3(u7XCg)X —3(Cg) X w

X X X
Zy ~ (’wx4c(;}71‘)) wX — (wx2f> w X +3(w><30g)

X 2 X
Zg ~ (wX C(pf‘r')) w X 7(w><f)xw><+3(w>< Cg)

Remove omega times 4-5 from 8-9, rescale 8-9, remove 8-9 from 4-5, remove 8 from 2, multiply 2 by omega square, remove omega times
2 from 3, rescale 3:

71 ~ (wX O - r))>< wX 4 20wX (Cv)X —3(Cv)X wX —2f%X +3(Cg)*
4 x 3 3 x 3 3
Zo ~ (wX C(p — 7‘)) wX +wX” (CX wX —a (wx Cv) wX 43X wX" —3(Cg)X wX

wX (Cv)

N
w
2

X
—~
€
X
1M
-
~—
X
€
X

~ (w c<p—r>)
(wx pir)>>< wxf)xwx
ZG~(wX Cv) xi(wxzf))(wx
(

wX Cv) ><7(wxf)><w><

Zg ~

Zg ~
Zg ~ (wXCg)

2
Zg ~ (wx Cg)



Remove omega times 3 from 2, remove 4 from 2, remove 6 from 2

Zy ~ (wXC(pr))X wX 4 2wX (Cv)X —3(C)X wX —2fX £3(Cg)*

2\ X 3 3
Z2~73(w>< f) wX 43X wX” —3(Cg)X wX

Remove 3 from 6-7, scale 2, scale 6-7

Z1 ~ (wXC(pfr))X wX 4 2wX (Cv)X —3(Cv)X wX —2fX +3(Cg)*

2 X 3 3
Z2~(w>< f) wX — fRwX” 4 (Cg) wX

Remove omega times 6 from 3

2 X 3 3
2z ~ (07 1) 7w = ¥ 4 e w

Remove 6 from 2, transform 1



Remove omega times 7 from 2, remove omega times 7 from 6

Z1 ~ - (wXQCw - r>)X +wX (wXom-m)" —wX (©nX +3(wXov) — 25X 309
Zy ~ (""Xcv)x 'wx3 - waXS + (o)™ 'wXS

Z3 ~ 0

Zy ~ (wX4C(p—r))X wX (waf x w X

Zg ~ (wXSC(p—r))X wX _ wxf)x wX

Zg ~ — (wXCv)* wx® (wx2f)>< wX

2y~ (C0) X WX (wX )™ wX

7o ~ (w7 00)

2 X
Zg ~ ('wX Cg)

Now we use the following trick to compute the rank of the matrix of partioned matrices:

YC : span(C) = Null(AT) (77)
r([AB]) = r(A) + r(cT B) (78)
which can also be applied in the other direction:
VC :span(C) = Null(A) : (79)
1A = - (aT BT 80
(a]) - @
=raT) + r(cTBT) (81)
= r(A) + ~(BCO) (82)
Furthermore we use the following Lemmas.
Lemma 1:
r(faX]) =4 % 70 83
(= -{2 o 53)
Lemma 2:
aXbXec=0
S (a=0V b=0V c¢=0) V (b|e) V (alb AaLlc) (84)
Lemma 3:
2, afb
r([aXhXD: 1, alb (85)
0 a=0 V b=0
Lemma 4:
2 atb
T([axbxax]): 0, adlbd (86)
0, a=0 V b=0
Lemma 5:
(ax b) b=0
S (a=0V b=0) V (a|b) (87)
Lemma 6:

aXpX 2, atb
TV(LXbﬂD ={0, a=0 V b=0 (88)



Now we have to consider different cases. We start with » y ¢y (CASE 1). Here we choose:

: (wxc0)"
0 (wXCv)XwX3—waXSJr(Cg)XwXB
o (w><4c(pfr))xw>< ,(wx2f)xw><
B = 0 (wXBC(p—T))XwX —(wxf)xwx
0 ,(wxcu)x,wx3+(w><2f>><w><
0 (©0)% wX® 4 (wX )X wX
[oX € = (wXPcm=n)" +wX (wXcm-n)" —wX (©nX +3(wX )" —27% +3(C0)]

Which gives us:

A
r([ D = r(A) + r(BC)
B

0 (w*eq)”
0 (wX o) wx® = pxwx® 4 (og)% wx®
o (wx4c(p—T))XwX—(wX2f)XwX
(o (e o] (45t ) o~ (e =
0 —(wXCv)Xurx3+(w><2f)><1ux
0 (Cv)xwx3+<1‘,xf)><1u><
X = (2 Pem=n)" +wX (wXom =) —wX ©X +3(wXcu) — 27X +3 (00X

0 (wXCg)XwXQCyi
0 #
0 #
=ofo (o) ]| o .
0 #
0 #
[wX (Cg) % #

<o (o (+te0)]) o (e wecora]) (s cn])

=soee(uien])

Now we can apply Lemma 2 and 3:

e wtCg — T(O(z)):9+r(

):9+2+1+2:14

})=9+2+1+1=13

[ S v N

e wlCg — T(O(I))=9+T‘(

For CASE 2 (w || cg), we use the trick in the column form and apply Lemma 3:

r([AB]) = r(4) + r(cTB)

. 5 1
[wX (Cg)¥] —wT (wX C(p—r)+3wXCv — 2f
2 X
o (wxcv7f+cg)xwx3 —wT (wx C(pfr)+3w><0v72f)
4 X 2 X 3
0 (wx C(P—r)) wx—(wx f) w X (wXCv*erC!l)XwX
4 X X
0 (w><3c(p,,,,))><w>< _ (wxf>><w>< (wx C(p—7) wX — (wx2f) wX
=r +r . =24 5 % «
0 —(wXZCv—wa) wx? (wx C(pfr)) wxf(wxf) wX
2 X 2
0 (cv)XwX3+(wa)XwX 7(w>< Cvfwxf) wX
0 0 (cu>XwX3+(wa)XwX
0
0

(89)

(90)

oD

92)

93)

(94)
(95)

(96)

o7



Here we look at three subcases. For CASE 2.A (w* cwv — f = —cg) We have (it directly follows that w**cv = wX £):

r((AB]) = r(4) + r(cT B) (98)
[—wT (1UX2C(p—T)+3wXC'u—2f)X —wT (1UX2C‘(p—7‘)+wXCv>X
0
4 X 2 X 4 X, _ 3 2 X,
oy (wx 30(11* ) wa — (wx f) wX o (wxsc(i’*r))x w X (wX2CU)X w X (99)
(wx C(pf‘r')) wX 7(wxf)xwx (wX C(pfr)) wX 7(w>< Cv) wX
(wXCg)XwX2 0
(Cu)wa3+(wa)xwX (C1))XluX3+(wX2CU)XwX
[—wT (wXZC(p — ) 4 wX C'u) *
2 x 3
I o e e (100)
(wX2C’(p7T)7wXCU>XwX2
wX2(Cv)XwX

For cv 1+ w (CASE 2.A.i) we have (including cv = o and resulting in w* (cv)* w* =o0):

[—wT (wXQC(p -+ wXCv)X'
r([AB]) = 2 + r (wxzc(p - wxcﬂ)x wX (101)
»(wx2c<p7 " wXCv)X w><2_
[~ (e -+ wren)”
=24 (wX2C(p—7‘)—wXC'U)XwX (102)

2 X 2
(u}X C(p—r) 7u)><Cv) w X

For w*c(p - r) — cv yw We can apply Lemma 6 and get
r(O(x)) =9+ r([AB]) =9 +2+2 =13 (103)

For wXc(p—r) — cv || w it directly follows that w* c(» — ) = cv (since both are perpendicular to «). We have to look at the first row (the lower
two rows become 0):

r<[AB]):2+r([72wT (wx(wxc(pfr)))le) (104)

and thus we have

e« Cp—m) llw — r(O@)=9+r(AaB]) =9+2=11 (including c(p - r) = 0)
o Cp—m)fw — r(O)=9+r(AB])=9+2+1=12

Looking at the last subcase cv x « (CASE 2.A.ii) we can directly apply Lemma 4:
r(O(2)) =9+ r([AB]) =9 +2+2=13 (105)
For CASE 2.B (wXcwv - f+ cg L w) We can apply Lemma 3 (it also directly follows that r + o0):
r([AB]) = r(A) + r(cT B) (106)
—wT (waC(p — ) +3wXCv - 2f) )

(wXCv —f 4+ cg)>< wx3

4 X 2 X
(wx C(p—r) wX — (w>< f) w X
=2+

= (wxsc(pfr)>><w>< () 107)
7(wX2CU7wa)><wX2
(Cv) X wx3 n (wxf)x wX
—wT (wXCp = r) + 8wX v —25) "
(e - ) wx = (w3 1) wx
=2 ([(“’XCU ~J+Cg)* wXD +r (wx30<pf r))X wX = (wX ) wX [w (wXcw -+ Cg)* w} (108)
—(wX?cv—wXy waz
(Cv) X wx3 n (wxf)x wX
—wT (wxzc(p )+ B3wX Cu — 2f>>< (wXCv _ f)>< w
(wxélc(pfr))x wX (wXCU 7f)>< w— (wx2f)>< wX (wXCv— f)>< w
=241+ (wx3c(p,T)>wa (wav,f)Xw,(wxf)wa (wav,f)Xw (109)

0

(Cwv)* w><4 (wXCv — f) + (u)><f)>< wxz (wXC"u — f)



The last term can be evaluated to:

(Cv) X wx? (wXcv—1)+ (wxf)X wx? (’UJXC’U _ f) - (—kuz (cu)X + (wxf>><) wx? <w><C'u _ f)
= (mlwi?cv+wX £) X WX (wXcv - 1)

= (<Iwi®cw + wX )X wX <wX2Cu — wX f)
For cv =0 we get
En*wx (X g) + (X)X (wXon = g) = (1) (2%)

and applying Lemma 2 yields (s cannot parallel to «» whitout getting CASE 2.A)::

r(O@) =9+ r([AB]) =9+2+1+1=13
For cv x w we can check the perpendicularity condition of Lemma 2:

Wl (—wi?co + wXs) = —wi?wTco 20
and thus again get

r(O(z) =9+ r([AB]) =942+ 1+1=13.

For cv 1 w both perpenducalirity conditions of Lemma 2 yield:

wT (7||w||2C'U +wXf) = “Jwl?wTcv=0
2 2 2
<1)TCTwX + fTwX) <—||1u||2C"u +wX f) = —20TcTw* w)?2cv — fFTwX w|?cv +vT T w* " wXf + fTwXwXs
T,.T, x2 x2 T X, X
=v  C w w Co+ f w w”™ f
2
= llwX” coll® = Jlw™ £)1?
= lwi*col® = w5112
And thus we have a singularity for
><2 X X
[lw”™ " Coll [[w” Cul| flw” £l
2 o T o) = A Cvlw
lwl? [l lw]|?

Looking at the reminding elements we get:

—wT (u}x2c(p7 )+ 3wXCu — 2f)>< (wXC’U _ f)>< w
r([AB]) =3+ r (wXSC(p —r) - w><f)>< w X (u)XCU - f)

(wxgc(p—r) 7'w><f>>< w><2 (wXC'vf f)

(110)
(111)
(112)

(113)

(114)

(115)

(116)

(117)
(118)
(119)
(120)
(121)

(122)

(123)

Now we can exclude the case where wXcwv — 7 || w (otherwise we obtain w*cv — f = —cg Which is CASE 2.A). We again require two cases.

In the first case we state w*°c(» — ) — 5 || w (including the case w**c(p — ) — f = 0) and thus obtain:

r([AB] =3+'r'([—wT (wxzc(pfr)ﬁ»BwXC'u —Qf)x (wXCvf f)X wD

3+r(|—wT (SwXC’vff)X(wXCvff)xw:I)
=3+ (|- 3w><C'v—f)Tw><2 (wxcu—f)D
ayT T x4 T, %3 T, %2 D
30T cTwX" cv+afTwX”co— fTwX" 5

[
[
[
[B1wXcoi? — 4 (X 5) " (w*ev) + jwx 112])
[
[

=34+

(
(
:3+7‘(
(
(

allwX £|2 *4(wxf)T (“’X2C“)D

_ 3+T( 401 _c05(9))|\1“><f”2]) =4

(124)
(125)
(126)
(127)
(128)
(129)
(130)

Where we used (122) and where o is the angle between «* s and w*>cw. Thus we only get O on the right hand side if w s = w*”cv Which
means that wx(f — wXcv) = 0 and again leads to the case w*cwv — 5 = —cg4. For the second case we set o = w*?c(p - — f yw and obtain

—wT (wxzc(pf'r‘)#»SwXCvaf)X (wXCUf f)>< w
r([AB]) =3+ r (,wxa)x w X (wXCv—f)

('u)><<z)>< wX2 (wXC'Uf f)

where considering Lemma 6 (the nullspace of the two lower rows is spanned by « only) leads to r(aB)) =4

(131)



For CASE 2.C (wXcwv - £+ cg £ w) We can directly apply Lemma 3:

r([AB]) = r(A) + r(cT B)

=247

=2t (e —rren)*wx]) o

. 5 %
—wT (wX C(p—r) +3wXCw —2f>

(wXC'uffﬁ»Cg)XwXS
(wx“c(p _ T)>>< wX — (w><2f>>< w X
(wxgc(p, 7\))X wX — (wxf)X w X

—(wX2Cv—wa>XwX2

(coyX wx® 4 (wxf)X w X

0

0

=2+2+0=4

r(O(x)) =9+ r([AB]) =9+2+42=13

—wT ’u7><2c(p77‘)+3’1L7XC’U72f X

(wtew-m)" W -

(wX3C(p — r))x wX — (wa)X wX
,(wXQC,U,wa)XwXQ

(Cv)* wx3 + ('u)><f)>< w X

2 X
wX f) wX

(132)

(133)

(134)

(135)

(136)

All the cases are summarized in the table [I} It contains all possible motions. The first row corresponds to motions with no rotational velocity.
In the case the robot is accelerated with -1/2 g the rank loss increases to 5. The second row states that if the rotational velocity is perpendicular
to the gravity axis we have a rank loss of 1. The third row corresponds to rotations around the gravity only. If, additionaly the motion is
circular around the footpoint then the rank loss increases to 2 or 3 if the foot is aligned along the gravity axis. The last column states that

in all other cases all states are fully observable up to the global position and yaw angle.

RANK DEFICIENCY IN DEPENDENCE OF INPUT PARAMETERS.

w=0 [ wlCg | wl| Cg | Rank deficiency
5 (a=-1/2g)
: * * 3 (a#—1/2g)
X 1
3 (f=w*Cv+Cg AN w*C(p—r)=Cv A (p—71) ] 9)
X 2 (f=wX*Cv+Cg AN w*C(p—r)=Cv A (p—71) [ 9)
1 0.W.
0
TABLE 1
RANK DEFICIENCY IN DEPENDENCE OF INPUT PARAMETERS.
Rank deficiency
w [fCg 0
XCv+Cg V w*C(p— C 1
w#0 whCo wl Cyg f*waCf)jC v/J\rwiC'( w—r)(f CZ) ;é(pv—T) 9|2
— g P — (p=r)TTg 3
w1l Cyg 1
- a#—1/2g 3
w=0 a=—1/2¢g 5
TABLE II
RANK DEFICIENCY IN DEPENDENCE OF INPUT PARAMETERS.
w#0
w Y Cyg w=0
w [ Cg
Lc
wlf Cg [ #w*Cv+Cy f=wCv+Cg A wCp—r=Cv | 79 a#—1/2g | a=-1/2g
VuwXCp—r)#Cv | (p—r) g p—7)Tg
0 1 2 3 1 3 5
TABLE IIT



2) Planar Foot: For the planar foot we have additional measurements from the rotational constraint of the contact:

LOn)=209q" (137)
Vﬁ(}h(m): {o 0 —c=)ecT o0 01 (138)
Lin@) = cz)cTe (139)
veLhh(z) = {o 0 c(zcTaxX o —c=cT o —(c(z)cTa)X (140)
Lin(z) =0 (141)
(142)

With this the gyroscope bias gets fully observable and the above Observability matrix can be augmented and simplified to:

[—c 0 —(Ccw-m% o 0 c 0]

0o -cC (Cv)* 0 0 0 0

0o 0 (cg)* I 0 0 0

_aX X

O — ) (Cg) 0 0 00 (143)

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0o o —c)cT o 0 0o I

Lo o 0 0 —c(cT o o]

Where the unobservable subspace is spanned by:
T

I 0 0 0 0 I 0

Ue) = (144)
[(rxg)T (»*a)T @9T 0 0 (p%g)T <C<z>g>T}

Which correspond to a global translation or yaw rotation of the states. If for instance we have w — o the unobservable subspace increases:

T
o) [( I 0 0 0 0 I 0 } (145)

)T )T @T —(egX)T o ()T (cenT

where the bottom line now corresponds to the full 3D rotation of the system. In summary this gives:

w=0 | wlCg | Rank deficiency
X X 2
X 1
0
TABLE IV

RANK DEFICIENCY IN DEPENDENCE OF INPUT PARAMETERS.

3) Two Point Feet: In the case were we have contact with two point feet additional states and measurements get avaliable. Analytically
this is basically duplicating the observability matrix. If the contact points overlay each other (which is not physicaly feasible), we obtain the
same observability characteristics as for the single contact case. From here on we assume that ap = »; — p, # 0. Duplicating and simplifying
the first four rows yields:

—C 0 —(C(pg —7))% 0 0 o C
0o o 0 0 (cap)* 0o o (146)
0 o0 0 0 (cap)XwX 0 0
0 o 0 0 (wXcap)wX o o

While the first row compensates for the increase in states, the 3 lower rows further reduce the unobservable space. Again we start by looking
at the case w = o:

—C 0 —(C(pg—mN* 0 0 0o C
—Cc 0 —(Cp-r)X o 0 c o
_ )X _ p— r)) X
O(z) = 0 c (Cw) 0 (C(p ) 0 0 (147)
0 0 (cg)* 1 2(Cv) % 0o o0
0 0 0 0 —2fX 4+3(Cg)* 0 0
0 0 0 0 (cap)* 0 o
r(0@) =12+ ([(cam™]) +r ([(-2f +3C9)* cap]) (148)

e 3Cg—2f || CAp — r(O(z)) =14

e 3Cg—2ffCcAp — r(O(z)) =15



Continuing with the same procedure as above yields (where most duplicates could be eliminated):

21 ~ (wXC(ny 77-))X wX — wX (Cv)X +3<wXCv)X —2f% 43(0g9)%

X x3
Zy ~ (wXCv) ™ wX
Zz ~0

7am (0 0t - )

75 (00 - )"

3 3
— XwX” 4 (cg) X wX

X 2 X
wx—(w>< f) w X

wX — (wxf)X wX

3 2 X
ZGr\zf(wXCv)XwX +(w>< f) w X

3
Zy ~ (Co)X wX” 4 (wX
Zg ~ (wXC_q)X

2 x
Zg ~ (u;x Cg)

_1 ~ (cap)*

N

Zg ~ (CAp) X w™

Zq ~ (wXCAp)X wX

£ wX

We don’t have to look at the case w ycg A w £ cg, sSince we already got the maximal oservability in the single foot case. The case w L cg
also leads to the same results as the single foot case (one rank loss):

e wlfCg AN wicCg — 7r(O0()) =17

e wlCg — 7r(O(x)) =16

For w || cg, we get:

r([AB]) = r(A) + r(cT B)

[wX (Ccg)*]
0

0

o o o o

s (fican]) -

=242+

Which directly yields (Lemma 2):

o wlfAp — r(O(z)) =17

o« wilAap — r(O(=z) =16

Summarized in a table this gives:

- 2 X
—wT (w>< C(py 7r)+3w><C’vf2f) CAp

4 X 2 X
(wX C(plfr)) wXCApf(wX f) wX CAp
3 X
(wx C(plf’r‘)) wXCAp—(wa)XwXCAp
2 X 2
7(w>< C/uf’wxf) wX~CcAap

3
(Co)X wX" cap + ('u)><f)>< wX CAp

[—wT (wXQC(m — )+ 3wX Cu — 2f)
(wXcv— f+cg)* wx®
(<t e - ) w = (0P r) " wx
(wXSC(pl _ T))X wX — (wxf>>< w X
7(w><20v—w><f)xw><2
(©0)% wx® 4 (wX f)* wX
(cap)*

(Cap)XwX
(“,XCAP)X wX

2 X1
—wT (wx C(pl—r)+3wXCv—2f)
3

(wXCvffi»C'g)XwX

4 X 2\ X
(wx C(py — ) wX — (wX f) w X

3 X X
(wX C(plf'r)) wxf(wxf) wX

X
—(wx2C7)—wa) wx?

(Cv) X wx® 4 (wX )" wX

fess)

(CAap)XwX

(w x CAp) X wX

(wXCv — f+Cg)X wXSCAp

(CcAap)XwXCAap

0

(149)

(150)

(151)

(152)



w#0

w I Cy w =0
C ie)
w |y Cyg wWA“;” @gWAp WET9 1 3cg—2f fCAp | 3Cg—2f || CAp
0 0 1 1 2 3

TABLE V

RANK DEFICIENCY IN DEPENDENCE OF INPUT PARAMETERS.

4) Two Flat Feet: For the case of two flat feet, we can quicly prove that it can be reduced to the 1 flat foot case.

[~c o —(cp1—-m% o 0 c

—C 0 —(C(pg—mN* 0 0 0

0o —-C (Cwv)* 0 0 0

0 0 (cg)* I 0 0

O(z)=| o 0 —aX(cg)X 0 0 0
0o o0 —cizcT o 0 0

0o o 0 0o —c(z1)cT o

0o o —c(z0)cT 0o 0 0

Lo o 0 0 —C(z9)cT o

In summary this gives:

Rank deficiency

w L Cg 0

w#0 w L Cyg 1

w =20 2
TABLE VI

RANK DEFICIENCY IN DEPENDENCE OF INPUT PARAMETERS.

(153)



III. OBSERVABILITY ANALYSIS SUMMARY

This section discusses the observability characteristics of the
proposed approach and analyses the gain obtained by the inclusion of
the flat foot constraint. The unobservable subspace, which, informally,
describes all directions along which disturbances cannot be observed
at the system output, can change depending on the motion of
the system. In order to evaluate this for the proposed filter, the
observability analysis approach employed in [1] is applied. The full
derivation is not in the scope of this paper, but the obtained results are
summarized in table and[IX] The analysis is extensive and
displays all possible singularities and corresponding rank losses (RL).
Since the absolute position and yaw angle are inherently unobservable
for the presented system, the rank loss represents an increase of the
unobservable subspace with respect to that case. If the rank loss is
not 0, i.e., if the unobservable subspace increases, additional direction
become unobservable, meaning that disturbances along this directions
can not be observed at the output of the system.

Rotation Acceleration/Velocity Foothold RL
B a=—-1/2g * 5
w=0 a# —1/2g * 3
w Ll Cg * * 1
/\a:(CT'w)Xv (r—p) 3
w | Cg v = ((Cj;w))X(r—p) (r—p) 2

a# (CTw) xv
Vv;é(CTw)X(rfp) * !
w L Cg
A w fCg * * 0
TABLE VII

RANK DEFICIENCY FOR A SINGLE POINT FOOT CONTACT.

Table describes the rank deficiency for the case where a single
point foot is in contact with the ground. The rows of the table can be
interpreted as follows. The top row (w = o) describes the case where
there is no rotational motion. Depending on the actual acceleration the
rank loss will be 3 or 5. The second row (w 1 cg) states that whenever
there is a rotational motion where the corresponding rotation vector is
perpendicular to the gravity then the rank loss is 1 (interestingly this
singularity arises within all other scenarios as well). The third row
(w I cg) describes the slightly more complicated case when there
is a rotation around the gravity axis only. In this case one has to
distinguish the subcase where the robot performs a circular motion
around the gravity axis through the footpoint. If this is the case the
rank loss increases from 1 to 2. If in addition the vector between the
IMU and the footpoint is aligned with the gravity axis the rank loss
even increases to 3. Finally the last row states that if the rotational
motion is neither aligned with the gravity axis nor perpendicular to
it then the system does not exhibit any additional rank deficiency.

Rotation Footholds RL
- 2a+g||Ap | 3
w=0 2a+gfAp | 2
w 1L Cg * 1
gl Ap 1
w ” Cg gV Ap 0

w L Cg
A w |y Cg * 0
TABLE VIII

RANK DEFICIENCY FOR TWO POINT FOOT CONTACTS.

In comparison to the point foot case, the observability analysis for
the flat foot case is significantly simpler to compute and interpret. If

Rotation | RL
w=0 2
wlCg |1
wlfCg |0
TABLE IX

RANK DEFICIENCY FOR AN ARBITRARY NUMBER OF FLAT CONTACT.

looking at table[IX] one can observe that the rank loss is depending on
the current rotational velocity only. If there is no rotational velocity
the rank loss is 2, if it is perpendicular to the gravity axis then the
rank loss is 1. For all other cases the rank loss is 0, i.e., only absolute
position and yaw angle are unobservable. When comparing this to the
point foot case, there is a significant reduction of the rank loss, which
is due to the additional information which can be extracted from the
rotational constraint of the flat foot. For instance the maximal rank
loss is reduced from 5 to 2 for no rotational motion. Furthermore
the case where rotational motion is only available around the gravity
axis does not exhibit any rank loss anymore.
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