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Quaternion Review and Conventions

It is important to note that there are two different conventions for using quaternions,
each of which is self-consistent; unfortunately, the quaternion algebra used in these
conventions is often mixed up in the literature, resulting in inconsistent implemen-
tations [?]. We use that proposed as a standard by JPL [?] which was also used in
[?] on which this work and that in [?] was based. A review of quaternions using this
convention is given in this section.

Briefly, quaternions are one of several choices for representing SO(3), the Lie group
of rotations. The advantage of quaternions over other parameterizations is their
numerical properties, efficiency and lack of singularities. We denote a quaternion by
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where ¢, and ¢, = [qz, gy, ¢.]" are the scalar and vector components, respectively.
Note that the ordering of these components does not depend on any conventions and
is purely a matter of preference. We choose this ordering here to match the literature
but actually implement quaternions in the reverse order to match the SL simulation
environment.

All rotations are active, meaning that they act to rotate vectors; the quaternion
representing the base orientation is written as ¢ = ¢4 which specifies a rotation
from the world frame W to the base frame B. This quaternion corresponds to the
rotation matrix C' = C[q] which rotates vectors defined in the world frame into the
base frame.

Successive rotations about local axes are composed via left-multiplication, ie RG =
RERE represents a rotation from frame A to frame B (given in terms of the frame
A basis) followed by a rotation from frame B to frame C' (given in terms of the
frame B basis). Analogously, we have ¢§ = ¢% ®¢% for quaternions where ® denotes
quaternion multiplication.



A vector in frame A is rotated into frame C' as v© = RGv4, with the reverse transfor-
mation given by v = (RG) v where (RG)™! = R4 = (R$)T since this is a rotation
matrix (orthogonal matrix with det = +1). Vector rotations using quaternions are
achieved through conjugation as

C c v Ccy\—1
V=g @ 0 ® (q2)

where [v4,0]T is called a pure quaternion and (¢§)™! = ¢4 = [~ ¢, — @y, — 4=, Q] 15
the inverse or conjugate quaternion satisfying ¢§ ® (¢§)~! = (¢5) "' ®¢§ = q; where
qr = [0,0,0, 1] is the identity quaternion.

Quaternion multiplication is defined by

QuPzx + q=Py — QyPz + QzPw
—qzPx + quy + qzP~ + qYPw
Qypx - pry + quP~ + qzPw
—qzPx — Qypy — 4:D: + qQuPw

qRp=

This can be written more concisely as the matrix vector multiplication
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where ¢, = [qz, gy, ¢.]" is the vector part of ¢ and
O —qz Qy
qz>1< = 4 0 —¢
_Qy dx O

is the skew-symmetric matrix corresponding to the vector g,,.

The rotation matrix corresponding the quaternion ¢ is given by

Clg) = (2¢2 — 1)1 — 2q,,q) + 2q,q,

2¢; + 245, — 1 2(¢2qy + ¢20w) 2(420: — GyGu)
= Z(Qny - QZQw) 2‘15 + QQi —1 Q(Qsz + qgcQw)
Q(QxQZ + Qwa) 2(quz - quw) QQE + 2%%; —1



where the first equation can be seen as equivalent to Rodrigues’ identity using the
quaternion exponential map
(el w
sin (H5H) -
exp (w) = ( 2|w{|wll>
cos )

which represents a rotation of ||w|| about an axis w/||w|| as a quaternion. Letting
d0¢ be an infinitesimal rotation, we see that

= om0 = ()

is the first-order approximation of an incremental quaternion. It follows from the
definition of C[g] that we have the first-order approximation

Clogl ~ I — 56

This can also be seen as the first-order approximation of the exponential map for
rotation matrices
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It follows that the first-order expansion of ¢ about a nominal quaternion ¢ can be
written in matrix form as

Clog® ql = Clq|Clg] = (I — 6¢™)C

where C' = C[q]. This approximation will be used in the derivations of the linearized
filter dynamics in the next section.

The derivative of a quaternion is related to the angular velocity w by the equation

__1 w 2

and the first-order approximation of 5'q is given by
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Linearization

Linearization of both the process and measurement models is performed analytically
by expanding the filter states about their expected values using first-order Taylor
series approximations. Products of small deviations are considered to be negligible,
ultimately resulting in linear equations in terms of state deviations.

Process Model:

Position:

The original process model for the time-evolution of the position is
rT=0

Letting r =~ 7+ ér and v ~ v + dv leads to

d .
E(T—kér)—r—v—i-&)

From which it follows that '
T+or=10v+d

However, we know that the expected value of 7 is ¥ = ¥, so we finally have

or = v



Velocity:

The original process model for the time-evolution of the velocity is

o =CT(f—bf—wyp)+g

Let C =~ (I —§¢*)C, v ~ ¥+ dv, and by ~ by + db; so that

d _ -
E@ +6v) =0 =CT(I+6¢™)(f — (by + 5bs) —wy) + g
Simplifying yields

U400 =CTI+6¢0")f+6f)+g

where we have defined f = f — by and 0f = —0b; — wy to be the “large-signal” and
“small-signal” accelerations as in [?]. Expanding the right hand side yields

G+00=CTf+CT5f +CT6¢>* f+CTop*6f + ¢

Recognizing that © = CT f + g is the expected value of the velocity process model
equation, we are left with

v=CT6f +CT6¢*f+CT6¢"6 f

The last term on the right hand side is the (cross) product of two small vectors and
can thus be neglected. This leaves

6v=CT6f +C 6" f

Using the fact that a*b = —b*a and expanding the expression for ¢ f finally results
in

ov =—CTf*6¢ — CT6b; — CTwy



Quaternion:

The original process model for the time-evolution of the quaternion is

L (o—b, —w, %

We define a deviation dg from the expected value g of the pose ¢ by ¢ = dq ® ¢ and
let b, ~ b, + &b, so that

d
q (0g ® q)
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Simplifying and using the fact that § = 3 (

Multiplying on the right of both sides by ¢! and recognizing that d¢ = ¢@ ¢! yields

1 (& — (by + dby,) — w, s 1 (& —b,
5( 0 )®5q-5q+5q®§( 0 )

Solving for 8¢ yields

1o (b _ 1 /5 —b
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where the second step results from the fact that we can split a pure quaternion into
the sum of multiple pure quaternions (since they are just vectors) and distribute
them over quaternion multiplication. For the quaternion dq corresponding to the

150 . 150
small rotation d¢, we may write dq ~ <21 ) and thus dq =~ <20 ) so that
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5o\ 1[0 —b, 156 56\ 1 (0—0b,\ 1 [=6b, —w, 150
() =5 G0 () - (1) (o) w2 ()= ()

Using the fact that quaternion products can be written as matrix-vector products as
shown in the previous section and letting w = @ — b,,, we can write the above as

Wo\ _1[[(-o @\ [ @\] (360 L L (—(=0by —wi)* (—0by — w)
0 2 [\ —wT 0 ot 0 1 2 \ —(=6b, —w,)T 0
_ /=200 %(M n 1 (—db, —w,
T N 1 2 0
where the second step results from simplifying and eliminating products of small

quantities (products of deviations and products of noise with deviations) in the sec-
ond term. Multiplying out this expression yields the equations

1. 1,1

0=0
where the first equation results in the linearized orientation dynamics

8 = —w ¢ — 8b, — w,,

and the second equation ensures consistency.



Foot Position:

The original process model for the time-evolution of the position of the i foot is
p=Clw,

Again, let C = (I — §¢*)C so that we have CT ~ CT(I + §¢*). Also let p ~ p + &p

so that

d _
S+ 0p) = p = CT(1 + 66wy

Simplifying the above yields
p+0p=CTw, + CT6¢*w,

The second term is the cross product of a state deviation and a (small) noise vector
and thus is neglected. Further, we know that

p= Elp| = E[CTwp] = E[wp] =0

since w,, is zero-mean and since the rotation matrix C' does not alter the statistics
of w,. It directly follows that

op = C"w,



Accelerometer/Gyroscope Bias:

The original process model for the time-evolution of the accelerometer bias is

bf:wa

Letting by ~ by + db; yields

d - .
E(bf +5bf) =by = W,

It follows that
Z;f + (56f = Wy,
However, we know that l;f = Elb;] = Elwy,| = 0 since wy, is zero mean and thus

(5bf = wa

Likewise, for the gyroscope bias we have

5bw = Wy,



Foot Quaternion:

The continuous process model for the time-evolution of the foot quaternion is

.1 fw, @
=310 z

Let 2~ dz® z so that 2 =02 ® Z+ J2 ® Z. Then we have

. .1 fw,
5Z®z+5z®2—§(0>®z

However, z = 0 is the expected value of Z since E[w,] = 0. We are thus left with

oz—t (")

Multiplying both sides on the left by z=! and using the fact that 6z = 2 @ 27!, we
have .
. w,
0% = 5 ( 0 ) ® 0z

Again, writing the quaternion product as a matrix-vector product leads to

166\ 1 (—wl w.\ (6

0) 2\wl 0 0

Multiplying out the above yields

100\ _ (—wr o0+ jw.
0 Tw?l60

After eliminating products of small quantities, the first equation yields

5é:wz

as desired, and the second yields 0 = 0 ensuring consistency.
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Measurement Model:
Relative Foot Position:

The relative foot position measurement is given by (for a single foot)

sp=C(p—r)+n,

Letting s, &~ 5, + ds,, C ~ (I — §¢*)C, p ~ p+ dp and r ~ 7 + dr we have

Sp+osp=s,=(I— 60> )C((p+ 0p) — (7 4 0r)) + Np

Expanding the above yields
S, + 65, = C(p — 1) + C(8p — 6r) — 66 (C(p — 7)) — 86" (C(6p — br)) + 1,

Recognizing that 5, = C(p — 7) + n,, this simplifies to

b5, = C(0p — or) — 6¢* (C(p — 7)) — 56™ (C(6p — or))

The last term above is the cross product of state deviations and is thus neglected.
It follows that, after using the fact that a*b = —b*a, we have

dsp = —Cor+ Cop+ (C(p—7))" 6¢
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Relative Foot Quaternion:

The relative foot quaternion measurement is given by (for a single foot)

szznz®q®z’1

Letting s, &~ 05, ® 5., ¢ ~ dq ® ¢ and z =~ )z ® Z we have

5Sz®§z:5z:nz®(5Q®Q)®(5Z®Z)_1

After expanding the right hand side and regrouping, we have

05,05, =n,06q® @@z ") ®z"

Substituting 5, = ¢® z~! in the right hand side and multiplying on the right of both
sides by 57! yields

05, =n,®0q® (5. @6z ®5,")

In [?] was shown that a triple product of quaternions can be written as

(gep®q!") = (C[Q]p”>

Ps

Since 027! is the quaternion corresponding to the small rotation —d6, we have the

approximation
1
—00
0z ( 1 )

l —
(5.0 @5 ~ (_2c[sz]59)

Assuming that the rotations corresponding to ds, and n, are small and rewriting the
quaternion products as matrix-vector products yields

and thus
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— 300% 360\ (—3C[5.]60
o[ (o ) )

. —1C[5.]00 + 15¢*C[5.]66 + 169
209" C[5.]660 + 1

I—in} 3n.\ (—3C[5.]00 + 160> C[5.]660 + 3¢
157 C[5.100 + 1

where ds, is the vector corresponding to the measurement quaternion deviation, n,
is the measurement noise vector and d¢ is the vector corresponding to the deviation
in the base pose. The expression on the right can be simplified by eliminating terms
involving products of small quantities. This yields

305, _ I—1In 1In.\ (—3C[5.]660 + 16¢
1 LT 1

—1C[5.100 + 366 + InX C[5.]00 — tnX6¢ + in.
%LnZTC[EZ]&? — inf&b +1
After again eliminating terms involving products of small quantities and simplify-

ing (using the fact that CT[q] = Clg™']), the first equation yields the linearized
measurement

§s, = —C[qg® 27160 + 6¢ + n.,

The second equation becomes 1 = 1, ensuring consistency.
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